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OPTIMIZATION FOR SYSTEMS GOVERNED BY PARTIAL DIFFERENTIAL
EQUATIONS

VICTOR K. TOLSTYKH∗

Abstract. This paper develops an algorithm for obtaining the gradient as a Fréchet derivative in optimization
problems with Partial Differential Equations (PDE). Proposed algorithm uses the calculus of variations and a direct
minimization of the objective functional. The algorithm is based on the rational use of the formalism for the La-
grange multipliers. It does not demand the multipliers for boundary conditions and optimality constraints. There are
two examples for parabolic and hyperbolic PDEs. This paper, besides providing some new results, has a didactic
orientation. It can be useful for mathematicians and engineers, who intend to solve PDE optimization problems.
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1. Introduction. There are known three categories of optimization problems for PDE [1]:
optimal control, optimal design, and parameter estimation. One of the motives for arising the
different categories is a lack of a universal optimization method. In different categories the
different optimization methods are sovereign. If unknown variable u depends on time t, then
one speaks about optimal control and uses the maximum principle [3], [6]. If u depends from
space variable x, then one often speaks about optimal design and uses necessary conditions
and methods based on the calculations of variations and evolutions of this technic [8], [9]. If
u is looked for on the basis of experimental data, then one speaks about parameter estimation
(identification of a model) and uses the methods type of least square. For non-steady PDE,
the unknown variable u can depends on both t and x. That erases differences between the
categories. Actually, all mathematical statements for optimization problems are the same in
principle.

The purpose of this paper is to present all categories of optimization problems in a uni-
form style. This style can be formed on the basis of non-linear optimization methods with
account of technical constraints inqluding PDF. We think that a uniform style (direct opti-
mization) can be useful for mathematicians and engineers, who intend to solve diverse PDE
optimization problems.

Let us formulate a typical optimization problem (it can be optimal design, optimal control
or parameter estimation) for systems described by PDE:

minimize J(u) =

∫
Ω

I (v) dΩ, (1.1)

subject to D (τ, v) v + F (τ, v, u) = 0, τ ∈ intΩ, (1.2)
G (τ, v, u) = 0, τ ∈ Γ ⊂ ∂Ω.

Here τ ≡ {t,x} is a time-space variable, differential operator D of order k and free term F
represent a system ofm PDEs, which functions within the closed time-space domain Ω,G is a
system of initial and boundary conditions on Γ ⊂ ∂Ω, ∂Ω is a closer of Ω. The state of system
(1.2) is m-vector-function v(τ) in linear real space V m(Ω). The state can be controlled by
n-vector-function u(τ) in linear real space Un(intΩ) i.e., on interior of Ω. For this reason we
will call u as the control for all optimization problem. Control u(τ), τ ∈ S ⊂ Γ is a boundary
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piece of u. Thus we have the control on S =intΩ ∪ S. The quality of controlling is defined
by objective functional J(u) on Ω. The integrand I depends explicitly from state v.

Optimization problem (1.1), (1.2) can have constraints:

u(τ) ∈ [umin(τ), umax(τ)] , τ ∈ S - controlling in a convex admis-
sible set (infinite-dimensional
parallelepiped); (1.3a)∫

S

u(τ)dS = C = const - isoperimetric condition; (1.3b)

u(τ) = {ui on Si ⊂ S}i=1...N - piecewise control; (1.3c)
v(τ) ∈ [vmin(τ), vmax(τ)] , τ ∈ intΩ - constrained system state; (1.3d)

These constraints are typical and widely distributed for PDE optimization but of course are

not comprehensive. Let us take note of the fact that constraint (1.3c) is a condition of exis-
tence for a finite-dimensional control u ∈ RN .

Sometimes we can meet the restrictions in view of equations as connections between
the components of vector v and its derivatives. In practice those equations can be found as
a special boundary condition G = 0 and not optimization constraints actually. We have to
differentiate the restrictions, especial conditions and so on to solve the system Dv + F = 0
and the constraints to minimize the objective functional J(u).

Optimization problem (1.1)–(1.3) is formulated as the following: we have an object (1.2),
the state of its v can be controlled by parameter u; the quality of control of object is described
by the criterion J ; for optimizing (minimizing) the criterion J there appear the constraints
(1.3), which prevent us to obtain the best state of object. The goal of a mathematician or an
engineer is a looking for the parameter u, which minimizes J .

We shall consider a direct optimization approach to solve the problem (1.1)–(1.3). This
approach implies step-by-step minimization of J(u) by means of derivative J ′u. In so doing
we shall not make a preliminary discretization and other transforms of PDE and J , we shall
not substitute function u(τ) by a vector u = {ui} of coefficients in series, shall not use the
necessary conditions for optimality (maximum principle, dynamic programming, Karush-
Kuhn-Tucker system...). In short, we do not replace optimization problem (1.1)–(1.3) similar
to it, yet another. Discretization of problem (1.1)–(1.3) at finite-dimensional optimization
problem is not advisable [10]: ”...certain infinite-dimensional effects are better retained then
in the discretized version”. This is absolutely correctly. You can in it be convinced if look
examples of infinite- and finite-dimensional optimization for thermal processes ”Minimizing
the Functionals” in [13].

Difficulties in direct minimizing J(u) consists of:
1. functional J depends from u implicitly;
2. argument u of J is infinite-dimensional i.e., functions.

To overcome the first difficulty, and to compute derivative J ′u, there are used various
methods of adjoint variables (Lagrange’s multipliers) . This procedure is often called ”ad-
joint approach” [7]. To overcome the second difficulty we use heuristic infinite-dimensional
optimization methods [4], [5], [11], [12], [13], [14] based on derivative J ′u.

In this paper we consider some view point (method) to compute the gradient as a Fréchet
derivative J ′u ≡ ∇J ≡ ∇J(τ ;u) for problem (1.1)–(1.3). This derivative is often used by
wide range of optimization and analysis methods. We will use it for direct optimization of
PDE.
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2. Searching for the gradient in PDE optimization. General algorithm. Proposed
algorithm based on the calculus of variations and functional analysis and it consists of the
following eight steps.

2.1. Allowance for constraints. First, the constraints for control (1.3a)–(1.3c) we put
aside. We will implement its by optimization methods later. Second, we are going to imple-
ment a constraint on the state (1.3d) of the traditional way in the form of penalty functional.
So the objective functional becomes

J(u) =

∫
Ω

I(v)dΩ + κ

∫
intΩ

P (v)dΩ→ min, (2.4)

where κ is a weighting coefficient, P is a penalty function from v with parameters vmin, vmax.
It can be inner (barrier), outer or mixed penalty. Now we have unconstrained optimization
problem (1.2), (2.4) instead of (1.1)–(1.3).

2.2. Linearizing the optimization problem. Let we have an initial point u to start
optimization and let J(u) be a Fréchet differentiable at u. According to PDE (1.2) variation
δu ∈ Un leads to variation δv ∈ V m, from that we have following variation of PDE at point
u:

δ (Dv + F ) = Aδv + Bδu = 0 ∈ V m(intΩ), (2.5)

where A, B are linear operators over V m and Un respectively. The boundary conditions we
will consider later.

For instance, if differential operator D = A(x, v)
∂k·
∂xk

, where A is m ×m-matrix, then
linear operator A is

A· =A
∂k·
∂xk

+

m∑
i=1

∂A

∂vi
·|i
∂kv

∂xk
+ F ′v : V m(intΩ)→ V m(intΩ).

Linear operator B is

B· =F ′u· : Un(intΩ)→ V m(intΩ).

Operators F ′v and F ′u are the matrixes of derivatives m×m and m× n respectively.
The variation of objective (2.4) at u we can represent as inner product:

δJ(u) = 〈I ′v, δv〉V ∗(Ω) + 〈κP ′v, δv〉V ∗(intΩ) ∈ R, (2.6)

where linear functional I ′v ∈ V ∗(Ω) and P ′v ∈ V ∗(intΩ), upper asterisk denotes a conjugacy,
R is a real number space. We notice, if m > 1, then in inner product 〈·, ·〉 the first vector is a
row-vector and the second vector is a column-vector. Variation δJ in (2.6) we can treat as a
sum of values of linear functionals I ′v , P ′v at element δv.

The expressions (2.5) and (2.6) belong to different spaces V m(intΩ) and R. We have to
unit these expressions, but first we need to make the necessary converting.

2.3. Converting the linearized PDE. Let us write PDE (2.5) and variation (2.6) in
like linear spaces, namely in R. To convert (2.5) into R let us introduce a linear functional
f̃ ∈ V ∗(Ω) and write its value at element δ (Dv + F ):〈

f̃ , δ (Dv + F )
〉
V ∗(intΩ)

=
〈
f̃ ,Aδv

〉
V ∗(intΩ)

+
〈
f̃ ,Bδu

〉
V ∗(intΩ)

= 0 ∈ R. (2.7)
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Equation (2.7) breaks the tie between all components of vector δv and δu because of
vague of m-vector-function f̃(τ). If system (1.2) had n independent parameters, then equa-
tion (2.7) hasm+n independent parameters {δvi, δuj}i=1...m,j=1...n. For this reason we can
convert equation (2.7) so that to distinguish the operators from new independent parameters.
This converting looks like a Lagrange identity. So we have:〈

f̃ ,Aδv
〉
V ∗(intΩ)

+
〈
f̃ ,Bδu

〉
V ∗(intΩ)

(2.8)

=
〈
A∗f̃ , δv

〉
V ∗(intΩ)

+
〈
B∗f̃ , δu

〉
U∗(intΩ)

+
〈
a∗0f̃ , δv

〉
V ∗(∂Ω)

+
∑
j

〈
a∗1j

f̃ ,
∂δv

∂τj

〉
V ∗(∂Ω)

+ ... = 0 ∈ R,

where A∗, B∗ are adjoint operators on intΩ and set {a∗k−1}k=1,2... are adjoint operators on
boundary ∂Ω. The lower line is a by-product on ∂Ω after application the Green formula.
Dots mean the boundary terms, which contain the high derivatives for the case k > 2. To
understand the expression (2.8) see example in the appendix.

2.4. Joining the problem. Expressions (2.6) and (2.8) were written in the same space
R. Because the conjugate spaces are linear, we can unite linear functionals in the spaces V ∗,
U∗ on the elements δv, δu. So we have:

δJ(u) =
〈
A∗f̃ + I ′v + κP ′v, δv

〉
V ∗(intΩ)

+
〈
B∗f̃ , δu

〉
U∗(intΩ)

(2.9)

+
〈
a∗0f̃ + I ′v, δv

〉
V ∗(∂Ω)

+
∑
j

〈
a∗1j

f̃ ,
∂δv

∂τj

〉
V ∗(∂Ω)

.

Here we have limited the boundary terms by the problem case k ≤ 2.

2.5. Taking into account the initial-boundary conditions. Two ways can be derived
for take into account the initial-boundary conditions.

First way. We have to do all steps described above: linearize the initial-boundary con-
ditions, introduce the additional linear functionals on Γ and receive the adjoint operators at
independent variations δv and δu. After this we can unify obtained initial-boundary elements
with problem (2.9), what is more precisely – with bottom line in problem (2.9). This line
contains boundary elements on closer ∂Ω obtained from interior of Ω.

Second way is more comfortable. We recommend using it. On the one hand the expres-

sion (2.9) contains independent variations δvi and may be its derivatives (e.g.,
∂δvi
∂τj

for case

k = 2) on ∂Ω. On the other hand, from the initial-boundary conditions of primal problem
(1.2), we can get the equations for variations:

δG = G′vδv +G′uδu+
∑
j

G′v′j
∂δv

∂τj
= 0 ∈ V m(Γ). (2.10)

Here the variations are not independent. We need to find variations δv and
∂δv

∂τj
on the corre-

sponding pieces of Γ from equations (2.10) and substitute its into bottom line (2.9).
The solving of equations (2.10) and substituting in (2.9) in general terms is a cum-

bersome and useless procedure. So let us consider some typical examples for the case of
Ω = [tinitial, tfinal]× [xleft, xright].
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Let we know an initial condition

v = vinitial ∈ V m(Γa = tinitial × x).

In this case from (2.10) on Γa we obtain G′v = 1 (unit matrix), G′u = G′v′x = 0, i.e., δv = 0
on Γa ⊂ ∂Ω. This denotes, that in first item of bottom line (2.9), the all adjoint elements
on Γa disappear. On opposite side of time, i.e., on Γ∗a = tfinal × x the analogous adjoint
elements still stay. We can say that the initial condition is ”turned” in adjoint space.

The analogous ”turn” effect holds for boundary conditions too. However, here can be
additional peculiarity – the presence of boundary control u. For example, let for m = n = 1
exists a boundary condition

∂v

∂x
= u ∈ L2

(
Γb = t× xleft = S

)
.

In this case the operators G′v = 0, G′u = −1, G′v′x = 1. This denotes, that in second term of

bottom line (2.9), the derivative
∂δv

∂x
on Γb disappears and variation δu on S ⊂ ∂Ω appears.

On opposite side of x, i.e., on Γ∗b = t× xright the all adjoint elements still stay.
The third example. Let we have a one boundary equation (m1 = 1) for a vector-state

v ∈ V m(Γc = t× xleft), m = 2:

av1 + bv2 = 0 on Γc, (2.11)

wherem1 is a number of equations on Γc. In this caseG′u = G′v′x = 0 and matrixG′v = (a, b),
i.e., G′v is not a square matrix of m ×m. Thus we can not find a vector δv from condition
(2.11). Therefore, we express one component of variation by other – δv1 = − b

aδv2 – and
substitute in (2.9), where we obtain a vector δv =

(
− b
aδv2, δv2

)
on Γc. In so doing, we

remove adjoint elements in (2.9) at δv1 on Γc and keep analogous elements at δv1 on opposite
set t × xright. For third example Γ∗c is the uniting {t × xleft} ∪ {t × xright}. In general
case, for each m with m1 ≤ m, we will have m −m1 adjoint elements (components) in δJ
at variations δvi=m1+1,...,m on Γc. If m1 = m, then we will have nothing in δJ on Γc, for
this case Γ∗c = t× xright.

We finally obtain the following general view of the first variation δJ :

δJ =
〈
A∗f̃ + I ′v + κP ′v, δv

〉
V ∗(intΩ)

+
〈
B∗f̃ , δu

〉
U∗(intΩ)

+
〈
a∗0f̃ + I ′v, δv

〉
V ∗(Γ∗)

+
∑
j

〈
a∗1j

f̃ ,
∂δv

∂τj

〉
V ∗(Γ∗

j
)

+

〈
g0

(
a∗0f̃ + I ′v

)
+
∑
j

g1j
a∗1j

f̃ , δu

〉
U∗(S)

. (2.12)

Here Γ∗ ⊂ ∂Ω is a set of the ”turned” initial-boundary conditions at δv, Γ∗
j
⊂ ∂Ω are the

analogues sets at
∂δv

∂τj
. Operator g0 6= 0 if a boundary condition for state v contains the

control u, and g1j
6= 0 if a boundary condition for derivatives

∂v

∂τj
contains u.

2.6. Extracting the gradient. First variation δJ (2.12) has m+ n independent param-
eters δvi=1...m and δuj=1...n. So we can represent δJ as the following

δJ = 〈∇vJ, δv〉V ∗(intΩ+Γ∗+Γ∗j ) + 〈∇uJ, δu〉U∗(S) ,
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where∇vJ and ∇uJ are the components of a gradient

∇J = (∇vJ,∇uJ) ∈ V ∗ × U∗.

This form of the gradient is not comfortable in practice because of components∇vJ . On this
step it is expedient to restore the connection between variation δv and δu. Let us take f̃ = f
such that∇vJ = 0. We receive

A∗f + I ′v + κP ′v = 0 on intΩ;
a∗0f + I ′v = 0 on Γ∗, a∗1j

f = 0 on Γ∗
j
.

(2.13)

Equations (2.13) is named the adjoint problem.
Finally we receive the gradient:

∇J(τ ;u) =

{
B∗f on intΩ,
g0 (a∗0f + I ′v) +

∑
j

g1j
a∗1j

f on S

}
∈ U∗(S). (2.14)

The gradient depends from linear functional f . To compute the gradient at point u we have
to solve primal problem (1.2) and adjoint problem (2.13).

2.7. Analyzing the adjoint problem. Adjoint problem (2.13) is a linear PDE relative
to f . Consider the type of adjoint problem (parabolic, hyperbolic...) relative to a primal
problem. For that we are going to compare the operator D and A∗. First consider a stationary
primal PDE with operator

D =A11
∂2

∂x2
1

+ 2A12
∂2

∂x1x2
+A22

∂2

∂x2
2

,

where Aij(x1, x2, v) are real functions on intΩ. Define d = A11A22 − A2
12. It is known if

d < 0, then PDE is hyperbolic, if d = 0, then PDE is parabolic, and if d > 0, then PDE is
elliptic. From the example of Appendix we can see that adjoint operator A∗ is

A∗ = D + ...

Dots denote the terms with derivatives fewer then 2. Since the type of PDE is defined by
coefficients to largest derivatives therefore primal and adjoint PDEs have the same type.

Consider non-stationary PDEs.
Parabolic PDE:

D =
∂

∂t
−A ∂2

∂x2
,

where function A(t, x, v) > 0 on intΩ. According to Appendix the adjoint operator A∗ is

A∗ = − ∂

∂t
−A ∂2

∂x2
+ ...

Dots denote the terms with space derivatives fewer then 2. We have a negative sign before
the time derivative. For example, if for primal PDE an initial condition happens to be the
case for Γ0 = tinitial × [xa, xb], then for adjoin PDE an initial condition appears on Γ∗0 =
tfinal × [xa, xb]. So we have to solve an adjoint PDE in inverse time direction, that is, for
dt < 0. That fits to negative time derivative in A∗ very well. Therefore adjoint PDE has the
same parabolic type with consideration of inverse time.
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Hyperbolic PDE, case k = 2, m = 1:

D =
∂2

∂t2
−A ∂2

∂x2
,

where function A(t, x, v) > 0 on intΩ. Formally this PDE coincides with the first example
with d < 0. Adjoint operator

A∗ =
∂2

∂t2
−A ∂2

∂x2
+ ...

Dots denote the terms with derivatives fewer then 2. Both PDEs have the same characteristics
dx
dt = ±

√
A, but remember the adjoint problem always has inverse time. If for primal problem

a characteristic transfers a disturbance from xleft to xright at t → tfinal, then for adjoint
problem the same characteristic transfers a disturbance from xright to xleft at t → tinitial.
That fits to adjoint boundary conditions. Really, for instance, if a boundary condition happens
to be the case for Γ0 = xleft × (tinitial, tfinal), then an adjoint boundary condition happens
to be the case for Γ∗0 = xright × (tinitial, tfinal).

Hyperbolic PDEs, case k = 1, m > 1:

D =
∂

∂t
+A

∂

∂x
,

where m × m-matrix-function A(t, x, v) on intΩ has m real eigenvalues λ1...m . Adjoint
operator

A∗ = −
(
∂

∂t
+AT

∂

∂x
+ ...

)
.

Dots denote the terms without derivatives. The eigenvalues of matrixes A and AT are the
same ones. Therefore both PDEs have the same characteristics dx

dt = λ1...m that is similarly
for the previous case k = 2.

So, primal and adjoint problems have the same type and characteristics. The adjoint
problem is always linear. If PDE is non-stationary, then adjoint problem has inverse time.

If we look at adjoint problem (2.13) we can see that the sources of disturbance are the
linear functionals I ′v , P ′v . If I ′v = 0 and P ′v = 0, then the adjoint problem has trivial solution
f = 0 on Ω and according to (2.14) the gradient ∇J = 0 on S. The trivial solution is a
necessary condition for unconstrained min J(u).

2.8. Taking into account the constraints. Constraints (1.3a)–(1.3c) for control we
have excluded on step 1 in section 2.1. Now we are going to implement constraints by direct
optimization methods.

Unconstrained direct minimization for J(u) has iterative methods, which look as [14]

uK+1(τ) = uK(τ) + bKd(τ ;uK), bK > 0, K = 0, 1, ... (2.15)

where minimization direction d(τ ;uK) is computed through the gradient∇J(τ ;uK) by var-
ious methods [4], [5], [11], [12], [13]. In the case of steepest descent method d = −∇J .

The constraint (1.3a) can be easily implemented on the base of (2.15) by projection of
point uK+1onto admissible parallelepiped [umin(τ), umax(τ)]. So we need to make addi-
tional correction for unconstrained method (2.15):{

if uK+1(τ) < umin(τ), then uK+1(τ)← umin(τ),
if uK+1(τ) > umax(τ), then uK+1(τ)← umax(τ).

(2.16)
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Isoperimetric constraint (1.3b) is implemented by method [12] additionally to (2.15):

uK+1(τ)← uK+1(τ)− CK+1 − C
S

, (2.17)

where CK+1 =
∫
S
uK+1(τ)dS, S =

∫
S

dS.

If the control is a piecewise (1.3c), then we receive N -dimensional minimization based
on the gradient

∇J =

{∫
Si

∇J(τ ;u)dS

}
i=1...N

∈ RN

for the following method

uK+1
i = uKi + bKdi(u

K), i = 1, ..., N. (2.18)

General algorithm for direct minimization of the objective (1.1) subject to PDE (1.2) with
constraints (1.3) is finished. Let us consider two examples to explain the general algorithm.

3. Example 1. Parabolic PDE. We consider a one-dimensional process of heat transfer
into the chemical reactor through a steel wall. Corresponding PDE has the view:

Dv + F = Cρ
∂T

∂t
− λ∂

2T

∂x2
= 0, Ω = [t0, t1]× [xa, xb] , (3.1)

where T (t, x) is a temperature in wall, C, ρ, λ is a heat capacity, a density and a heat
conducting coefficient accordingly. The initial-boundary conditions on Γ = Γ0 + Γa + Γb
are the following:

G =


T (t0, x)− T0 = 0 on Γ0 = t0 × [xa, xb],

λ
∂T

∂x
− q = 0 on Γa = (t0, t1)× xa,

λ
∂T

∂x
− u = 0 on Γb = (t0, t1)× xb = S.

The chemical reaction generates heat flux q(t), but the reaction should be with a nominal
temperature T∗(t). So, we have to find the heat flux u(t) at the boundary xb, which gives a
minimum to the following objective functional at xa :

J(u) =

∫
Γa

I (T )dt, I(T ) = (T − T∗)2. (3.2)

The category of this optimization problem is a synthesis of optimal control.
General definitions in previous sections here has a view: state v = T (t, x) ∈ L2(Ω),

operator D = Cρ
∂

∂t
− λ ∂2

∂x2
, free term F = 0, control u(t) ∈ L2(S), dimensions m = n =

1, the constraints for a control are absent.
For the first variation of δJ in (2.9) we have the operators:

A∗ = −Cρ ∂
∂t
− λ ∂2

∂x2
and B∗ = 0 on intΩ,

a∗0 = Cρ|Γ1

Γ0
+ λ

∂

∂x

∣∣∣∣Γb

Γa

— at δT,

a∗1 = − λ|Γb

Γa
— at

∂δT

∂x
.
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Linear functional I ′v = 2 (T − T∗)|Γa
. Initial-boundary conditions G = 0 give us the varia-

tions:

δ T |Γ0
= 0,

∂δT

∂x

∣∣∣∣
Γa

= 0,
∂δT

∂x

∣∣∣∣
Γb=S

= λ−1δu.

From last equation on S we have in (2.12) g0 = 0, g1 = λ−1.
The first variation (2.12) here takes the form:

δJ =
〈
A∗f̃ , δT

〉
L2(intΩ)

+
〈
Cρf̃ , δT

〉
L2(Γ1)

+

〈
−λ∂f̃

∂x
+ I ′v, δT

〉
L2(Γa)

+

〈
λ
∂f̃

∂x
, δT

〉
L2(Γb)

+
〈
−f̃ , δu

〉
L2(S)

.

From this follows the adjoint problem (2.13):

A∗f = −Cρ∂f
∂t
− λ∂

2f

∂x2
= 0 on intΩ,

f = 0 on Γ∗0 = Γ1 = t1 × [xa, xb],

λ
∂f

∂x
= 0 on Γ∗a = Γb,

λ
∂f

∂x
= 2(T − T∗) on Γ∗b = Γa.

(3.3)

Gradient (2.14) has the form:

∇J(t;u) = −f ∈ L2(S). (3.4)

Notice, that L∗2 = L2 for real functions.
Adjoint problem (3.3) is a parabolic PDE with consideration of inverse time. Solution f

on right bound xb gives us the gradient. The source of disturbance I ′v = 2(T −T∗) is lumped
at the left bound xa. If I ′v = 0 on xa, then we have the trivial adjoint state f = 0 on xb, wich
tells us that the corresponding value of u satisfies to the necessary condition for optimality,
here ‖∇J‖L2(S) = 0.

4. Example 2. Hyperbolic PDEs. Consider the second optimization problem about
identifying the friction coefficient u(x) for a water flow in open channel [2]:

Dv + F =


∂Q

∂t
+ 2w

∂Q

∂x
+ b(c2 − w2)

∂H

∂x
+ Ffr − gsi = 0,

∂H

∂t
+

1

b

∂Q

∂x
− q

b
= 0, Ω = [t0, t1]× [xa, xb] ,

(4.1)

where Q(t, x) and H(t, x) are water discharge and depth, w = Q/s is a velocity of a flow,
s(x,H) and b(x,H) = ∂s/∂H are across sectional area and upper width of flow, c =

√
gs/b

is a velocity of small disturbances, R(x,H) is a hydraulic radius, i(x) is an inclination of a
channel bottom, q(x) is a lateral flow, Ffr = Ffr(Q,H, u) is a friction term between a water
and a bed of channel.
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Initial-boundary conditions on Γ are the following:

G =


Q(t0, x)−Q0(x) = 0, H(t0, x)−H0(x) = 0 on Γ0 = t0 × [xa, xb],

H(t, xa)−Ha(t) = 0 on Γa = (t0, t1)× xa,

Q− χ(H −Hχ) = 0 on Γb = (t0, t1)× xb.
(4.2)

where χ, Hχ are parameters of a hydro-technical equipment at the right end of a channel. We
notice, the equation on Γb is not a constraint for control, it is only a boundary condition for
PDEs (4.1).

The objective functional here is

J(u) =
1

L

∫
intΩ

I(H) dtdx+

∫
Γb

I (H)dt, I(H) = (H −H∗)2, (4.3)

where H∗ is an experimental observed depth, L is a length of a channel.

General definitions here has a view: vector-state v = (Q,H) ∈ V m(Ω) = Lm2 (Ω),

m = 2, operator D =
∂

∂t
+ A

∂

∂x
, where matrix A(x, v) =

(
2w b(c2 − w2)
1/b 0

)
with

eigenvalues λ1,2 = c ± w, free term is a column-vector F = (Ffr − gsi,−q/b), control
u(x) ∈ Un(S) = L2(S), S = (xa, xb), n = 1. The constraints for a control are absent.

To receive the gradient ∇J we are going to start from step 2 (section 2.2). We need to
linearize PDEs (4.1) and objective (4.3):

Aδv =
∂δv

∂t
+A

∂δv

∂x
+

(
∂A

∂Q
δQ+

∂A

∂H
δH

)
∂v

∂x
+ F ′vδv ∈ L2

2(intΩ), (4.4)

Bδu = F ′uδu ∈ L2
2(intΩ), B is 2× 1 matrix (a colomn-vector), (4.5)

δJ(u) =
1

L
〈I ′v, δv〉L2(intΩ) + 〈I ′v, δv〉L2(Γb) , I ′v = (0, 2[H −H∗]) .

At step 3 (section 2.3) with vector-function f̃ = (f1, f2) ∈ V ∗(Ω) = L2
2(Ω) we have in

(2.8) the following adjoint operators:

A∗ = − ∂

∂t
−AT ∂

∂x
−∂A

T

∂x
+ C∗ + F ′Tv ,

B∗ = F ′Tu =

(
∂Ffr
∂u

, 0

)T
is a row-vector.
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Here matrix C∗ =


(
∂A

∂Q

∂v

∂x

)T
(
∂A

∂H

∂v

∂x

)T
. Let us denote

C∗1 = C∗ − ∂AT

∂x
+ F ′Tv

=


(
∂A12

∂Q
− ∂A11

∂H

)
∂H

∂x
+
∂F1

∂Q

(
∂A22

∂Q
− ∂A21

∂H

)
∂H

∂x
+
∂F2

∂Q(
∂A11

∂H
− ∂A12

∂Q

)
∂Q

∂x
+
∂F1

∂H

(
∂A21

∂H
− ∂A22

∂Q

)
∂Q

∂x
+
∂F2

∂H


− ∂AT

∂x

∣∣∣∣
v=const

=

 2
w

s

∂s

∂x

∣∣∣∣
H

+
∂Ffr
∂Q

1

b2
∂b

∂x

w2 ∂b

∂x

∣∣∣∣
H

− b

s

(
c2 + 2w2

) ∂s
∂x

∣∣∣∣
H

+
∂Ffr
∂H

− gbi 1

b2

(
q − ∂Q

∂x

)
∂b

∂H

 .

So, we have

A∗ = − ∂

∂t
−AT ∂

∂x
+ C∗1.

The boundary adjoint operators in (2.8) are the following:

a∗0 =

(
1 0
0 1

)∣∣∣∣Γ1

Γ0

+ AT
∣∣Γb

Γa
— at δv,

a∗1 = 0

At step 5 (section 2.5) we need to take into account the variations of initial-boundary
conditions (4.2). We have:

δQ = δH = 0 on Γ0, δH = 0 on Γa

and from the boundary equation on Γb of type (2.11) we have:

δQ = χδH on Γb.

The first variation δJ in (2.12) becomes:

δJ =

〈
A∗f̃ +

1

L
I ′v, δv

〉
L2

2(intΩ)

+
〈
B∗f̃ , δu

〉
L2(intΩ)

(4.6)

+
〈
f̃ , δv

〉
L2

2(Γ1)
+
〈
AT f̃ + I ′v, (χδH, δH)

〉
L2

2(Γb)
+
〈
−AT f̃ , (δQ, 0)

〉
L2

2(Γa)
.
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So the adjoint problem (2.13) takes the view:

A∗f +
1

L
I ′v =



−∂f1

∂t
− 2w

∂f1

∂x
− 1

b

∂f2

∂x

+

[
2
w

s

∂s

∂x

∣∣∣∣
H

+
∂Ffr
∂Q

]
f1 +

1

b2
∂b

∂x
f2 = 0,

−∂f2

∂t
− b(c2 − w2)

∂f1

∂x

+

[
w2 ∂b

∂x

∣∣∣∣
H

− b

s

(
c2 + 2w2

) ∂s
∂x

∣∣∣∣
H

+
∂Ffr
∂H

− gbi
]
f1

+
1

b2

(
q − ∂Q

∂x

)
∂b

∂H
f2 + 2

L (H −H∗) = 0

(4.7)

with initial-boundary conditions:

f1 = f2 = 0 on Γ∗0 = Γ1,(
2wf1 +

1

b
f2

)
χ+ b(c2 − w2) + 2 (H −H∗) = 0 on Γ∗a = Γb — at δH,

−2wf1 −
1

b
f2 = 0 on Γ∗b = Γa — at δQ.

Variation (4.6) becomes:

δJ(u) =

〈∫ t1

t0

B∗fdt, δu
〉
L2(S)

,

from that follows the gradient of the objective functional (4.3):

∇J(x;u) =

∫ t1

t0

∂Ffr
∂u

f1dt ∈ L2(S). (4.8)

Adjoint PDE (4.7) is linear hyperbolic. Both PDE (4.1) and (4.7) have the same two
characteristics λ1,2 = c ± w. The adjoint problem has two sources of disturbance: first
2
L (H −H∗) is distributed in interval (xa, xb), second 2(H − H∗) is lumped at the right
bound xb. From the right bound the disturbance is spread to the left bound along the family
of characteristics dx

dt = λ1 = c + w at t → t0. Just time t1 = t0 +
∫ xb

xa

dx
λ1

is a minimum
necessary time to compute the gradient ∇J(x;u) on interval (xa, xb). Given H = H∗, we
have the trivial adjoint state f = 0 over Ω and a friction coefficient value satisfies to the
necessary condition for optimality, here ‖∇J‖L2(S) = 0.

5. Conclusions. We have described the direct optimization approach (method) for solv-
ing the different optimization categories with PDE. The essence of approach is transparent:
find the gradient of objective functional and go to minimum.

The approach allows us:
• find an infinite-dimensional gradient for optimizing any determinate smooth PDE

problem by using universal (formalized) algorithm;
• separate and implement optimization constraints easily, without Lagrange multipli-

ers;
• use infinite-dimensional or finite-dimensional gradient (if a problem admits the sim-

plification) for constructing a direct minimization sequence.
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Appendix A. Adjoint operator.
Consider an example showing the adjoint operator A∗ and its boundary terms a∗. Let be

D = A(x, v)
∂k

∂xk
on intΩ, k ≤ 2, A ism×m real matrix, m-vector-function v(x) ∈ Lm2 (Ω),

Ω = [xa, xb]. Remind the product 〈a, b〉Lm
2 (intΩ) =

∫ xb

xa

∑m
i=1 aibidx.

At first, to receive adjoint operator A∗, we need to remove the derivatives of δv on Ω:

〈
f̃ ,Aδv

〉
V ∗(intΩ)

=

〈
f̃ , A

∂kδv

∂xk
+

m∑
i=1

∂A

∂vi
δvi

∂kv

∂xk
+ F ′v

〉
V ∗(intΩ)

=

∫
intΩ

∂

∂x

[
f̃TA

∂k−1δv

∂xk−1

]
dx−

〈
∂f̃

∂x
,A

∂k−1δv

∂xk−1

〉
V ∗(intΩ)

−
〈
f̃ ,
∂A

∂x

∂k−1δv

∂xk−1

〉
V ∗(intΩ)

+

〈
f̃ ,

m∑
i=1

∂A

∂vi
δvi

∂kv

∂xk
+ F ′v

〉
V ∗(intΩ)

.

Here and next upper index T denotes either transposition for a matrix or emphasize a row-
vector if it is necessary for more accurate definitions. Remember, the first vector in inner
product is a row-vector, therefore we do not mark it by index T . Received expression removes
the derivatives of δv for case k = 1. If k = 2 we need to reduce derivatives additionally in
the second and third terms:

−

〈
∂f̃

∂x
,A

∂k−1δv

∂xk−1

〉
V ∗(intΩ)

= −
∫

intΩ

∂

∂x

[
∂f̃

∂x

T

A
∂k−2δv

∂xk−2

]
dx

+

〈
∂2f̃

∂x2
, A

∂k−2δv

∂xk−2

〉
V ∗(intΩ)

+

〈
∂f̃

∂x
,
∂A

∂x

∂k−2δv

∂xk−2

〉
V ∗(intΩ)

−
〈
f̃ ,
∂A

∂x

∂k−1δv

∂xk−1

〉
V ∗(intΩ)

= −
∫

intΩ

∂

∂x

[
f̃T

∂A

∂x

∂k−2δv

∂xk−2

]
dx

+

〈
∂f̃

∂x
,
∂A

∂x

∂k−2δv

∂xk−2

〉
V ∗(intΩ)

+

〈
f̃ ,
∂2A

∂x2

∂k−2δv

∂xk−2

〉
V ∗(intΩ)

.

Wee can see that the first terms in all expressions are easily integrated from intΩ onto ∂Ω. So
we have for k = 1:〈

f̃ ,Aδv
〉
V ∗(intΩ)

=
〈
AT f̃ , δv

〉
V ∗(∂Ω)

+

〈
−AT ∂f̃

∂x
− ∂AT

∂x
f̃ + C∗f̃ , δv

〉
V ∗(intΩ)

,

where operator-matrix C∗ is:

C∗ =


(
∂A

∂v1

∂kv

∂xk

)T
· · ·(

∂A

∂vm

∂kv

∂xk

)T
 .
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This matrix consists of m row-vectors
(
∂A

∂vi

∂kv

∂xk

)T
, i = 1, ...,m.

For k = 2 we have:〈
f̃ ,Aδv

〉
V ∗(intΩ)

=

〈
AT f̃ ,

∂δv

∂x

〉
V ∗(∂Ω)

+

〈
−AT ∂f̃

∂x
− ∂AT

∂x
f̃ , δv

〉
V ∗(∂Ω)

+

〈
AT

∂2f̃

∂x2
+
∂AT

∂x

∂f̃

∂x
+
∂2AT

∂x2
f̃ + C∗f̃ , δv

〉
V ∗(intΩ)

.

From that we can see adjoint operator A∗ on intΩ:

A∗ = (−1)k
k∑
l=0

∂lAT

∂xl
∂k−l

∂xk−l
+ C∗, k = 1, 2 — at δv,

and boundary operators:

a∗0 = (−1)k−1
k−1∑
l=0

∂lAT

∂xl
∂k−1−l

∂xk−1−l

∣∣∣∣xb

xa

, k = 1, 2 — at δv,

a∗1 = AT
∣∣xb

xa
, k = 2 — at

∂δv

∂x
.

Notice, that A = A(x, v(x)), so ∂A
∂x = ∂A

∂x

∣∣
v=const

+
∑m
i=1

∂A
∂vi

∂vi
∂x .
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